The two-dimensional Toda lattice (2DTL) is a well-known (2+1)-dimensional integrable system that admits a large class of line-soliton solutions. We classify these soliton solutions by exploiting the structure of the Casoratian expression for its tau function. In general, these solutions consist of unequal numbers of 'incoming' and 'outgoing' line solitons. We classify the incoming and outgoing line solitons based on asymptotic analysis of the tau function of the 2DTL as the discrete variable tends to infinity. We also identify various subclasses of solutions and characterize some of them in terms of the amplitudes and directions of the interacting solitons. As a special case, we obtain the reduction in the soliton solutions of the one-dimensional Toda lattice. Throughout, we point out the similarities with-and the differences from-the corresponding results for the Kadomtsev-Petviashvili equation.
Introduction
The discretization of integrable systems has been an ongoing research topic in mathematical physics for the last 40 years. In this paper, we study the soliton solutions of the two-dimensional Toda lattice (2DTL), which is a well-known nonlinear semi-discrete (differential-difference) equation in two spatial and one temporal coordinate [33] :
with V n = V n (x, t). Both the Toda lattice and the 2DTL have been extensively studied in the literature (e.g., see [8, 13-15, 17-20, 26, 29, 42] ). The 2DTL (1.1) can also be considered as a discrete version of the Kadomtsev-Petviashvili (KP) equation [25, 33] . The soliton solutions of the KP equation have been extensively studied, as documented in various monographs [1, 12, 19, 22, 30, 34, 36] , and expressed in terms of the inverse scattering transform [9, 31, 43 ], Hirota's method [19, 38, 39] , Darboux transformations [30] , the Wronskian technique [16, 21] or the trace method [22, 37] . Recently, much attention has been devoted to the phenomenon of soliton resonance and web structure for the KP equation [2-6, 9-11, 27, 31, 32, 35, 37] . In particular, it was conjectured in [5] that soliton resonance and web structure are rather general features of (2+1)-dimensional integrable systems whose solutions are expressed in determinant form. Indeed, similar solutions were also found for the cKP equation [23, 24] and the dKP equation [28] . Importantly, it was also shown in [29] that soliton resonance and web structure also appear in (2+1)-dimensional discrete soliton systems such as the 2DTL. In [29] , however, only a special class of solutions was studied. The purpose of this work is to build on the analytical tools that have been developed for the KP equation and characterize a much more wider class of soliton solutions of the 2DTL than in [29] , pointing out both the similarities and the differences between the 2DTL and the KP equation.
The outline of this paper is as follows. After reviewing some basic results about the 2DTL and its soliton solutions in section 2, in section 3 we discuss the properties of the tau function and the asymptotic behavior of the solutions of the 2DTL. In section 4, we characterize the elastic and inelastic 2-soliton interactions. In section 5, we extend some of those results to multi-soliton solutions. The relation between the KP equation and the 2DTL is reviewed in the appendix, where we also discuss the reduction from the 2DTL to the one-dimensional Toda lattice (1DTL).
The 2DTL and its line solitons
We briefly recall some basic results about the 2DTL, referring the reader to [19] [20] [21] 29] f o r details. The 2DTL (1.1) is written in bilinear form in terms of its tau function τ n (x, t) as where f (1) n (x,t),...,f (N) n (x, t) is a set of N linearly independent solutions of the linear equations This choice leads to the 1-soliton solution of the 2DTL: (2) ), (2.6) or, explicitly, V n (x, t) = Solution (2.6) is referred to as a line soliton, since in the xn-plane it is localized around the line θ (1) = θ (2) . The solution can also be written as a traveling wave V n (t) = (k · x − ωt) with x = (x, n), with the wave vector k = (k 1 ,k 2 ) = (−a, −ad) and frequency ω = (e ad +e −ad − 2)/a. Apart from an overall translation, the line soliton is characterized by either the 'phase' parameters p 1 ,p 2 , or the 'soliton' parameters a and d, namely, the soliton amplitude a (taken to be positive throughout) and the soliton direction d (that is, the soliton inclination in the xn-plane: d = tan α, where α is the angle between the soliton and the positive n-axis, counted counterclockwise). For the 1-soliton solution (2.6), the soliton amplitudes and directions are respectively a = a 1,2 and d = d 1,2 , where
Similarly, k = k 1,2 and ω = ω 1,2 , with
The wave vector k and frequency ω satisfy the nonlinear dispersion relation D(k,ω) = 0, with
Note that, unlike what happens for the KP equation, the phase parameters p j must be chosen positive in order to produce nonsingular solutions. Note also that d i,j is also always positive, unlike soliton directions in the KP equation. (This last fact is related to the way in which the KP equation arises in the continuum limit of the 2DTL, cf the appendix.) The generalization of the above solution to N-soliton solutions is obtained by taking
Neglecting the spatial shifts arising from intersections, these solutions simply produce a pattern of N straight lines in the xn-plane. As an example, figure 1(left) shows an ordinary 3-soliton solution of the 2DTL. We refer to these as ordinary N-soliton solutions. Another simple choice is the one that allows one to recover the soliton solutions of the 1DTL, as discussed in the appendix. In [29] , fully resonant solutions were also studied, which are obtained by taking f
and with θ (m) as in equation (2.5)f o rm = 1,...,M. In general, these solutions contain different numbers of solitons as n → +∞ and n →−∞. Throughout this work, we will refer to any solution with N − solitons as n →− ∞and N + solitons as n → +∞ as an (N − ,N + )-soliton solution. As an example, figure 1(right) shows a fully resonant (2, 3)-soliton solution of the 2DTL obtained as described above.
On the other hand, as with the KP equation [3] , much more general soliton solutions of the 2DTL can be obtained by choosing solutions of (2.4)as with θ (m) (n,x,t) as in equation (2.5) and 0 <p 1 < ··· <p M . The purpose of this work is to characterize the whole class of soliton solutions obtained from equation (2.11) . Even though the variable n takes on only integer values in the 2DTL (1.1), solutions obtained from (2.11) can be evaluated for all real (or complex) values of n. In what follows, it will be often convenient to regard n as a continuous real variable.
Asymptotic line solitons
In this section, we discuss the asymptotic behavior as |n|→∞of the solutions of the 2DTL obtained from (2.11). 
where θ (i 1 ,...,i N ) is the phase combination
, and
The proof of lemma 3.1 follows by applying the Binet-Cauchy theorem to equation (2.3), as in [3, 5] . Indeed, expression (3.1a) for the tau function has the same form as that of the KP equation, except for the different dependence of the exponential phases on the phase parameters; cf equation (2.2) in [3] .
An immediate consequence of lemma 3.1 is that if all principal minors of C are nonnegative, the tau function in equation (3.1a) is positive definite, and therefore all the solutions generated by it are non-singular (in fact, positive). Note also that, as with the KP equation, (i) the spatio-temporal dependence of the tau function is confined to the exponential phases; (ii) each term in equation (3.1a) contains combinations of N distinct phases θ (i 1 ) ,...,θ
chosen out of θ (1) ,...,θ (M) ; (iii) transformations C → C ′ = GC with G ∈ GL N (R) amount to a rescaling τ(n,x,t) → det Gτ(n,x,t), which leaves V n (x, t) invariant. Thus, τ(n,x,t) describes an orbit in the Grassmannian Gr(N, M).T h eG L N (R) invariance can be exploited to write C in reduced row-echelon form (RREF).
The tau function in equation (3.1a ) is parametrized by the M phase parameters p 1 ,...,p M and by the coefficient matrix C. In accordance with above remarks, throughout this work we take the coefficient matrix C to be in RREF, and, to avoid singular solutions, we restrict our consideration to coefficient matrices for which all nonzero N × N minors of C are positive. Finally, as with the KP equation, to avoid trivial cases we will assume throughout that N<M and that C satisfies the following irreducibility conditions: Let be the set of all phase combinations appearing in equation (3.1b) (i.e., the set of all phase combinations associated with a nonzero minor of C).
Definition 3.3 (Dominant phase). We say that a phase combination
and for all (n,x,t) ∈ R. The region R is called the dominant phase region of θ (i 1 ,...,i N ) (n,x,t).
Following similar arguments as in [3] , one obtains (3.1a) .
It is useful to consider the limit n →± ∞of the tau function (3.1a) along straight lines parameterized by a direction d:
the difference between two such phases becomes 4) and the difference between any two-phase combination along L c is given by
In particular, the 'single-phase transition' line L i,j :
, given by equation (3.2) with equation (3.3) and d i,j = (log p i − log p j )/(p i − p j ), will play an important role. Following similar methods as for theorem 2.5 in [3] , one obtains 
(i) For finite values of t, the set of dominant phase combinations remains invariant in time.
(ii) The dominant phase combinations in any two adjacent dominant regions contain N− 1 common phases.
As a corollary of theorem 3.5, for generic values of the phase parameters p 1 ,...,p M and for finite values of t, we can characterize the asymptotic behavior of the tau function as n →±∞as follows. occurs along the line L i,j :
, where a single phase θ (i) in the dominant phase combination is replaced by a phase θ (j ) . (ii) As n →± ∞along the single-phase transition line L i,j , the asymptotic behavior of the tau function is determined by the balance between the two dominant phase combinations θ (i,i 2 ,...,i N ) and θ (j,i 2 ,...,i N ) , and is given by
where (i 1 ,...,i N ) is the Van der Monde determinant in equation (3.1c) , and where the minors C (i,i 2 ,...,i N ) and C (j,i 2 ,...,i N ) of the coefficient matrix C are both nonzero. The solution V n (x, t) of the 2DTL in a neighborhood of such a single-phase transition is then obtained from equation (2.2)as
which defines an asymptotic line soliton. (iii) All the asymptotic line solitons resulting from single-phase transitions such as that described above are invariant in time, in the sense that their number, amplitudes and directions are constants. In particular, the soliton direction is given by the normal direction of L i,j , which is d i,j , and the soliton amplitude is given by a i,j , with a i,j and d i,j given by equation (2.8) (assuming i<jwithout loss of generality). Conversely, if the soliton parameters a k and d k of the kth soliton are given, its phase parameters are recovered by
Motivated by these results, we label each asymptotic line soliton by the index pair [i, j ] which uniquely identifies the phase parameters p i and p j in the ordered set {p 1 ,...,p M }. 
where δ ′ is a linear function of ξ and t which also depends on the constants θ
as n →± ∞and for finite values of ξ and t is determined by the coefficient of n on the right-hand side of equation (3.7). Then, setting m ′ = i or m ′ = j in equation (3.7), one obtains the desired inequalities via Lagrange's mean value theorem on the function f(x) = log x.
Even though the proof of lemma 3.6 is slightly more complicated than that for the equivalent result for the KP equation, lemma 3.6 is formally identical to lemma 3.1 in [3] upon switching the limits n → +∞ and n →−∞. Hence we can apply all the results in section III of [3] . Explicitly, define two submatrices G i,j and Q i,j of C associated with any index pair [i, j ] with 1 i<j M, and given by
The matrix G i,j is formed by the consecutive columns of C to the left of the column C[i] and those to the right of the column C[j ], while Q i,j is formed by the consecutive columns of C between the columns C[i] and C[j ]. Let us also denote by (C|B) the matrix C augmented by the matrix B. Using the matrices G i,j and Q i,j and the dominant phase conditions, similar to [3] we have the following: 
Similar to [3] , we then have Recall that a derangement is any permutation with no fixed points, and that an excedance of a permutation π is any element m ∈{1,...,M} such that π(m) > m. The pairing map has no fixed points because π i
It is therefore sufficient to show that the image π(1,...,M)is a set of distinct elements. This is done using similar arguments as for proposition 2.9 in [10] .
We now illustrate the above results by discussing two examples in detail. We start with (1, 2)-soliton solutions (i.e. N = 1 and M = 3), whose tau function is given by τ(n,x,t) = f figure 2 (left) describes a Y-shape interaction representing a resonance of the three line solitons [1, 2] , [2, 3] and [1, 3] . The resonance conditions for the three line solitons with the wave vectors k i,j and the frequencies ω i,j ,for1 i<j 3, are given by We first determine the asymptotic line solitons as n →−∞using the rank conditions in lemma 3.7(i). For the first pivot i − 1 = 1, starting from j = 2 and then incrementing the value of j by one, we check the rank of each submatrix G 1,j . We find that the rank conditions are not satisfied when j = 2, since rank(G 1,2 ) = 3 > 2 = N − 1; so from lemma 3.7(i) we conclude that the pair [1, 2] does not identify an asymptotic line soliton as n →− ∞ . Incrementing to j = 3, 4, 5 and checking the rank of each submatrix G 1,j we find that the rank conditions are satisfied when j = 3, with rank(G 1,3 ) = 2 and rank(G 1,
Thus, the first asymptotic line soliton as n →∞is identified by the index pair [1, 3] . For the second pivot, i − 2 = 2, and proceeding in a similar manner we find that j = 3 does not satisfy the rank conditions because G 2,3 has rank 3, but j = 4 does, since rank(G 2,4 ) = 2 and rank(G 2,4 |C[2]) = rank(G 2,4 |C[4]) = 3. So [2, 4] is the unique asymptotic line soliton as n →∞associated with the pivot column i − 2 = 2. In a similar way, we uniquely identify the last asymptotic line soliton as n →− ∞as given by the index pair [3, 5] . Consequently, the asymptotic line solitons as n →−∞are given by the index pairs [1, 3] , [2, 4] and [3, 5] .
We then consider the asymptotics as n →∞ . Starting with the non-pivot column j [2, 4] and [1, 5] as n → +∞.T h e corresponding permutation is then π(1,...,5) = (34521 ).
The dominant phase regions can also be identified from the asymptotics of the tau function. First note that the dominant phase combinations along x →− ∞is identified by the pivots as θ −→ θ (3, 4, 5) . Since d 1,3 >d 2,4 >d 3,5 , the asymptotic line solitons as n →− ∞are sorted clockwise as [1, 3] , [2, 4] and [3, 5] , and determine the dominant phase combinations for n →−∞as follows: θ 
Two-soliton solutions
It should be clear that N-soliton solutions are produced when M = 2N. In general, however, the N asymptotic line solitons as n →−∞do not coincide with the N asymptotic line solitons as n → +∞. As in the KP equation, we will call elastic N-soliton solutions those for which i The simplest interactions of course arise in 2-soliton solutions, i.e. the solutions with N + = N − = 2, which by theorem 3.8 are obtained for N = 2 and M = 4. Correspondingly, the tau function in equation (3.1a) contains in general a subset of the following six phase combinations: (1, 3) ,θ (1, 4) ,θ (2, 3) ,θ (2, 4) ,θ (3, 4) ,
with (i,j ) = p j − p i , and with 0 <p 1 <p 2 <p 3 <p 4 as before. Of course only phase combinations corresponding to nonzero minors of C do actually appear in the tau function. It is easy to show that the irreducibility condition requires that at least four minors of C be nonzero. Moreover, we have 
with c 2,3 >c 2,4 > 0.
The asymptotic line solitons in the corresponding solutions are identified by the following index pairs:
• for C ord : [1, 2] and [3, 4] , both as n →−∞and as n → +∞;
• for C asymm : [1, 4] and [2, 3] , both as n →−∞and as n → +∞;
• for C I : [1, 3] and [3, 4] as n →−∞and [1, 2] and [2, 4] as n → +∞;
• for C II : [1, 2] and [2, 4] as n →−∞and [1, 3] and [3, 4] as n → +∞;
• for C III : [1, 3] and [2, 4] as n →−∞and [1, 4] and [2, 3] as n → +∞;
• for C IV : [1, 4] and [2, 3] as n →−∞and [1, 3] and [2, 4] as n → +∞;
• for C res : [1, 3] and [2, 4] , both as n →−∞and as n → +∞.
The enumeration of the different solutions follows from the requirement of non-negativity of the principal minors of the coefficient matrix. The index pairs of the asymptotic line solitons follow from the asymptotics of the tau function according to theorem 3.8. The above result is equivalent to that for the KP equation [6, 9, 10] . That is, as in the KP equation, there are a total of three elastic and four inelastic types of 2-soliton solutions. We next discuss the corresponding soliton interactions in more detail.
Elastic 2-soliton interactions
As shown above, as in the KP equation [9] there are three types of elastic 2-soliton solutions, generated by the coefficient matrices C ord ,C res and C asymm . The first kind coincides with the ordinary soliton solutions mentioned in section 2. We refer to the two additional types, respectively, as resonant and asymmetric, for reasons that will be clear below. These solutions are shown in figures 3 and 4 , where the dominant phase combinations and the index pairs of the incoming and outgoing asymptotic line solitons are also explicitly given. Note that, as in the KP equation, ordinary and asymmetric 2-soliton interactions result in traveling wave solutions of the 2DTL, but resonant interactions result in a time-dependent shape.
The difference between resonant interactions from ordinary or asymmetric ones is apparent: resonant interactions are mediated by a collection of Y-junctions, each of which satisfies Miles' resonance conditions k 1 +k 2 = k 3 and ω 1 +ω 2 = ω 3 . In contrast, both ordinary (1) δx [3, 4] =−δx [1, 2] = δ ord in an ordinary 2-soliton solution, with
(2) δx [1, 4] =−δx [2, 3] = δ asymm in an asymmetric 2-soliton solution, with [2, 4] =−δx [2, 3] = δ res in a resonant 2-soliton solution, with (4.2a) . Explicitly, for an ordinary 2-soliton solution, generated by the coefficient matrix C ord (see figure 3(left) ), it is C [1, 2] = C [3, 4] = 0, while all other minors are unity. One then obtains the soliton position shifts in equation (4.3a). For an asymmetric 2-soliton solution, generated by C asymm (see figure 3 (right)), it is C (1,4) = C (2,3) = 0, while all other minors are unity. One then obtains the position shift in equation (4.3b). Finally, for a resonant 2-soliton solution, generated by C res (see figure 4) , all minors of A res are strictly positive. One then obtains the position shifts in equation (4.3c).
As usual, the phase shifts experienced by the two solitons have opposite signs. Note that, since the asymptotic positions δ ± ij have the same linear dependence on time t, the phase shift δx [i,j ] is independent of t. Also note the presence of a contribution from the coefficient matrix in the resonant case, unlike the case of ordinary and asymmetric interactions.
Characterization of elastic 2-soliton solutions in terms of the soliton parameters
Importantly, soliton interactions are uniquely characterized in terms of the soliton parameters of the individual solitons. In particular, the three kinds of elastic 2-soliton solutions divide the 2-soliton parameter space into three disjoint sectors, as in the KP equation: 
(i) An ordinary 2-soliton solution exists with the given soliton parameters if and only if
a k + a k ′ >a k e a k ′ d k ′ + a k ′ e −a k d k . (4.4a) (ii) A
resonant 2-soliton solution exists with the given soliton parameters if and only if
a k + a k ′ <a k e a k ′ d k ′ + a k ′ e −a k d k (4.4b) and a k e a k ′ d k ′ − a k ′ e a k d k <a k − a k ′ <a k e −a k ′ d k ′ − a k ′ e −a k d k . (4.4c)
(iii) An asymmetric 2-soliton solution exists with the given soliton parameters if and only if
Proof. Let k = 1 and k ′ = 2 for simplicity. It should be clear that the 2-soliton solution corresponding to the given soliton parameters with i 1 <i 2 is as follows: (i) ordinary iff j 1 <i 2 ; (ii) resonant iff i 2 <j 1 <j 2 ; (iii) asymmetric iff j 2 <j 1 . The inequalities in theorem 4.3 then follow by simply expressing the above inequalities for the phase parameters in terms of the soliton parameters.
Note that (i) for ordinary and resonant solutions, it is d k − d k ′ > 0; on the other hand, the quantity a k − a k ′ is not sign-definite; (ii) conversely, for asymmetric solutions it is a k − a k ′ > 0 (whence the name 'asymmetric'), while the quantity Therefore, even though the inequalities in theorem 4.3 are more complicated than their counterparts for the KP equation [2] , as in the KP equation they partition the 2-soliton parameter space into three disjoint sectors. At the boundary of these sectors, which occur when one of the inequalities in theorem 4.3 is replaced by an equality, one obtains a Y-shape resonance, in the form of either a (2, 1)-or a (1, 2)-soliton solution.
Inelastic 2-soliton interactions
The remaining coefficient matrices listed in lemma 4.1, (namely, C I ,C II ,C III and C IV in equation (4.2b)) generate inelastic 2-soliton solutions, which therefore fall into four categories, as in the KP equation [9] . In all of these cases exactly one of the minors C is zero, which produces a tau function with five phase combinations. Explicitly, for C I it is C (1,2) = 0, for C II it is C (3,4) = 0, for C III it is C (2,3) = 0, and for C IV it is C (1,4) = 0. The corresponding solutions are shown in figure 5 (where we set r = 1 for simplicity), where as before the dominant phase combinations and the asymptotic line solitons are given.
Multi-soliton solutions
We now turn our attention to soliton solutions with N>1 and M>4. It should be clear that many more interaction patterns are possible in general.
As mentioned earlier, elastic N-soliton solutions are those N-soliton solutions for which the sets of the amplitude and direction parameters of each of the incoming line solitons coincide with those of one of the outgoing asymptotic line solitons. Equivalently, elastic N-soliton solutions are those solutions for which the index pairs of the asymptotic line solitons are i A number of interesting combinatorial properties of these solutions can be obtained using similar arguments as for the KP equation [4, 10, 27] .
As in the KP equation, the classification of elastic N-soliton solutions is naturally formulated in terms of a direct and an inverse problem. The inverse problem consists in (i) no overlap if j k <i k ′ , the pairwise interaction is ordinary (denoted by kOk ′ ); (ii) partial overlap if i k ′ <j k <j k ′ , the pairwise interaction is resonant (denoted by kRk ′ ); (iii) total overlap if j k >j k ′ , the pairwise interaction is asymmetric (denoted by kAk ′ ).
As in the KP equation [27] , the degree of overlap determines the type of pairwise interaction among solitons k and k ′ under certain zero minor conditions. As an example, figure 6 (left) shows a partially resonant 3-soliton solution of the 2DTL with 1R2, 2A3 and 3R1, obtained from the coefficient matrix:
One can also generalize the calculation of the position shifts that was presented earlier for the 2-soliton solutions. Explicitly, it is
where
Note that now more complicated situations can arise in which part of the soliton shift is originated from the coefficient matrix. Note also, however, that in all cases the constants θ In terms of the direct problem, the degenerate sector of N-soliton solutions is obtained when two or more of the 2N phase parameters obtained from the soliton parameters via equation (3.6) coincide. In this case (like with the 2-soliton solutions), no elastic N-soliton solution exists. Instead, the solution of the 2DTL corresponding to those soliton parameters will have a smaller number of asymptotic line solitons either as n →∞or as n →−∞.
Finally, when M = 2N , the numbers of asymptotic line solitons as n →±∞are different. A partially resonant (3, 2)-soliton solution was shown in figure 2 . As in the KP equation, a detailed characterization of the interaction patterns both in this case and for inelastic N-soliton solutions is still missing.
Conclusion
We have characterized a large class of line-soliton solutions of the 2DTL by expressing the tau function as the Casorati determinant of N linearly independent combinations of M real exponentials. From the asymptotics of the tau function as n →± ∞we showed that each of these solutions of the 2DTL is composed of asymptotic line solitons which are defined by the transition between two dominant phase combinations with N − 1 common phases. Moreover, we showed that the number, amplitudes and directions of the asymptotic line solitons are invariant in time. We also presented an algorithmic method to identify these asymptotic line solitons in a given solution in terms of the N × M coefficient matrix C associated with the corresponding tau function. In particular, we showed that every N × M, irreducible coefficient matrix C produces an (N − ,N + )-soliton solution of the 2DTL in which there are N + = M − N asymptotic line solitons as n → +∞ and N − = N asymptotic line solitons as n →− ∞ . Such solutions exhibit a rich variety of time-dependent spatial patterns which include resonant soliton interactions and web structure. We studied some of these interactions in detail, and we illustrated the results by explicitly discussing several examples.
Many of these results are similar to the corresponding ones for the KP equation, as we pointed out throughout this work. Of course solutions of the 2DTL and the KP equation also differ in some respects. First of all, recall that for the 2DTL, the soliton direction is always positive, whereas for the KP equation, it can take on any real value. Secondly, for the 2DTL, the N + = M − N outgoing solitons are labeled by the non-pivot columns of C and the N − = N incoming solitons are labeled by the pivot columns of C, while for the KP equation, the N + = N outgoing solitons are labeled by the pivot columns of C and the N − = M − N asymptotic incoming solitons are labeled by the non-pivot columns of C.Inthe 2DTL, i m <j m <i n <j n implies d m >d n , but the statement holds conversely for the KP equation. Nonetheless, in spite of these minor differences, the same mathematical framework underlies the solutions of both the KP equation and the 2DTL. This is perhaps not surprising, given the connection between the two systems via Sato theory.
At the same time, these results were not trivial apriori, and for many (2+1)-dimensional integrable systems no similar results are available. For example, other discretizations of the 2DTL are possible in which all the independent variables are discrete. It was shown in [29] that such discretizations also admit solutions displaying soliton resonance and web structure. Our results can be extended in a straightforward way to classify the soliton solutions of such a fully discrete version of the 2DTL. A discretization process is also possible, however, in which the dependent variables are also discretized, which is known as 'ultra-discretization'. In [29] it was shown that the ultradiscrete 2DTL also possesses resonant solutions with web structure. The classification of these solutions, however, cannot be obtained with methods similar to the ones used here, and it is likely to require tools from the emerging field of tropical algebraic geometry [7, 40, 41] . As such, it remains as a problem for future work.
the solutions of the 1DTL are exactly those solutions of the 2DTL that depend only on r+s, not on r and s separately. Based on the form of the exponential phases (2.11), solutions of this kind can be obtained by taking p 2N−j +1 = 1/p j for all j = 1,...,N (with 0 <p 1 < ··· <p N < 1 to ensure that 0 <p 1 < ··· <p 2N ), and n = e (p j +1/p j )y/2 e (p j −1/p j )t/2+n log p j + (−1) j +1 e (1/p j −p j )t/2−n log p j .
That is, the solutions of the 1DTL are just a special case of the solutions of the 2DTL for which the index pairs of the asymptotic line solitons are given by [j, 2N − j +1]forj = 1,...,N and the phase parameters satisfy a symmetry constraint. (The minus signs in the f (j ) n above are required in order to obtain regular solutions.)
